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A CLASSIFICATION OF CURTIS-TITS AMALGAMS
RIEUWERT J. BLOK AND CORNELIU G. HOFFMAN
Abstract. A celebrated theorem of Curtis and Tits on groups
with finite BN-pair shows that roughly speaking these groups are
determined by their local structure. This result was later extended
to Kac-Moody groups by P. Abramenko and B. Mu¨hlherr. Their
theorem states that a Kac-Moody group G is the universal com-
pletion of an amalgam of rank two (Levi) subgroups, as they are
arranged inside G itself.
Taking this result as a starting point, we define a Curtis-Tits
structure over a given diagram to be an amalgam of groups such
that the sub-amalgam corresponding to a two-vertex sub-diagram
is the Curtis-Tits amalgam of some rank-2 group of Lie type. There
is no a priori reference to an ambient group, nor to the existence
of an associated (twin-) building. Indeed, there is no a priori guar-
antee that the amalgam will not collapse.
We then classify these amalgams up to isomorphism. In the
present paper we consider triangle-free simply-laced diagrams. In-
stead of using Goldschmidt’s lemma, we introduce a new approach
by applying Bass and Serre’s theory of graphs of groups. The
classification reveals a natural division into two main types: ”ori-
entable” and ”non-orientable” Curtis-Tits structures. Our classi-
fication of orientable Curtis-Tits structures naturally fits with the
classification of all locally split Kac-Moody groups using Moufang
foundations. In particular, our classification yields a simple crite-
rion for recognizing when Curtis-Tits structures give rise to Kac-
Moody groups. The class of non-orientable Curtis-Tits structures
is in some sense much larger. Many of these amalgams turn out to
have non-trivial interesting completions inviting further study.
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1. Introduction
Kac-Moody Lie algebras are infinite dimensional Lie algebras defined
by relations analogous to the Serre relations for finite dimensional semi-
simple Lie algebras. They have been introduced in the mid sixties by
V. Kac and R. Moody. The affine Kac-Moody and generalized Kac-
Moody Lie algebras have extensive applications to theoretical physics,
especially conformal field theory, monstrous moonshine and more.
Finite dimensional semi-simple Lie algebras admit Chevalley bases
which allow the construction of Chevalley groups, Lie-type groups over
arbitrary fields. By analogy, J. Tits defined Kac-Moody groups to be
groups with a twin-root datum, which implies that they are symme-
try groups of Moufang twin-buildings (see [23, 24]). In the case that
the corresponding diagram is spherical, the corresponding group is a
Chevalley group. These and other similar groups play a very impor-
tant role in various aspects of geometric group theory. In particu-
lar, they provide examples of infinite simple groups (see for example
[7, 8, 10, 12]).
Finite dimensional semisimple Lie algebras admit Chevalley bases
which allow the construction of Chevalley groups, Lie-type groups over
arbitrary fields. By analogy, J. Tits defined Kac-Moody groups to be
groups with a twin-root datum, which implies that they are symme-
try groups of Moufang twin-buildings (see [23] [24]). In the case that
the corresponding diagram is spherical, the corresponding group is a
Chevalley group. These and other similar groups play a very important
role in various aspects of geometric group theory. In particular, they
provide important examples of infinite simple groups (see for example
[7, 8, 10, 12]).
A celebrated theorem of Curtis and Tits on groups with finite BN-
pair shows that roughly speaking these groups are determined by their
local structure, that is by an amalgam of rank two algebraic groups.
This theorem was later extended by Timmesfeld (see [18, 19, 20, 21]
for spherical groups and by P. Abramenko and B. Mu¨hlherr in [1] to
2-spherical Kac-Moody groups.
This theorem states that the Kac-Moody groups are the universal
completion of the concrete amalgam of their Levi subgroups. In case
that the amalgam is unique, this suffices to recognize the group. In
general however, this is an inconvenience since it is usually easy to
recognize isomorphism classes of subgroups put perhaps not so easy to
globally manage their embedding. This is the reason that one often
restricts to the so called ”split” Kac-Moody groups, that is, groups in
which the embedding is the natural one. However ”twisted” versions
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of Kac-Moody groups do exist, as constructed in [12, 15] and they in
turn give Curtis-Tits amalgams.
A natural question is therefore the following: how can one recog-
nize these amalgams as abstract group amalgams? More generally one
would like to classify all amalgams that are ”locally” isomorphic to the
usual Curtis-Tits ones and identify their universal completions. In this
paper we use a variation of Bass-Serre theory to classify all Curtis-
Tits structures over simply laced diagrams without triangles. As a
by-product we obtain a description of all Kac-Moody groups in this
case.
Throughout the paper k will be a commutative field of order at
least 4. We need the restriction on the order for the classification
of the amalgams. Precise definitions will be given in Section 2. A
Curtis-Tits (CT) structure over k with (simply laced) Dynkin diagram
Γ over a finite set I is an amalgam A = {Gi, Gi,j | i, j ∈ I} whose
rank-1 groups Gi are isomorphic to SL2(k), where Gi,j = 〈Gi, Gj〉,
and in which Gi and Gj commute if {i, j} is a non-edge in Γ and are
embedded naturally in Gi,j ∼= SL3(k) if {i, j} is an edge in Γ. We are
only interested in CT structures that admit a non-trivial completion.
The universal completion of a (non-collapsing) Curtis-Tits structure is
called a Curtis-Tits group.
In fact, a slight extension of our methods allows to classify Curtis-
Tits structures for a larger class of diagrams, including for instance all
3-spherical Dynkin diagrams. However, in order to present these new
methods and new results in a transparent manner, we chose to restrict
to all simply-laced diagrams without triangles, just as Tits did in his
classification of Moufang foundations for these diagrams in [24].
Curtis-Tits groups that are not Kac-Moody groups do exist. As
an application in [6] we give constructions of all possible Curtis-Tits
structures with diagram A˜n, realizing them as concrete amalgams inside
their respective non-trivial completions. This leads us to describe two
very interesting collections of groups. The first is a collection of twisted
versions of the Kac-Moody group SLn(k[t, t
−1]) whose natural quotients
are labeled by the cyclic algebras of center k. The corresponding twin-
building is related to Drinfeld’s vector bundles over a non-commutative
projective line. The second is a collection of Curtis-Tits groups that
are not Kac-Moody groups. One of these maps surjectively to Sp2n(q),
Ω+2n(q), and SU2n(q
l), for all l ≥ 1, making this family of unitary groups
into a family of expanders.
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In the case of hyperbolic diagrams we hope to be able to prove that
all the resulting groups are simple. Of course those that are Kac-Moody
groups are simple by the results of Caprace and Remy [10].
Our main result is the following.
Theorem 1. Let Γ be a simply laced Dynkin diagram with no triangles
and k a field with at least 4 elements. There is a natural bijection be-
tween isomorphism classes of CT-structures over the field k on a graph
Γ and elements of the set {Φ: π(Γ, i0)→ Z2×Aut(k)| Φ is a group homomorphism}
Here, π(Γ, i0) denotes the fundamental group of the graph Γ with
base point i0. As mentioned above, the motivation for the work came
from the Curtis-Tits amalgam presentations for Kac-Moody groups.
In fact in the spherical case these were proved to be the only such
amalgams. Surprisingly, in general they form a small minority of all
amalgams. More precisely they are those amalgams in the theorem cor-
responding to maps Φ so that Im(Φ) ≤ Aut(k). We call such amalgams
”orientable”. The relation between Kac-Moody groups and orientable
CT amalgams is made via Moufang foundations. By results of Tits [24]
and Mu¨hlherr [13], Moufang foundations of type Γ over k are classified
by homomorphisms from π(Γ, i0) to Aut(k). Moreover, by the main
result of Mu¨hlherr [13], any foundation with a simply laced diagram
in which every A2-residue is of type A2(k) (i.e. locally split) can be
“integrated”. Combining these results with Theorem 1, we can then
prove the following corollary:
Corollary 1. Let Γ be a simply laced Dynkin diagram with no triangles
and k a field with at least 4 elements. The universal completion of a
Curtis-Tits structure over a commutative field k and diagram Γ is a
locally split Kac-Moody group over k with Dynkin diagram Γ (and A is
the Curtis-Tits amalgam for this group) if and only if A is orientable.
Note that for example in [1, 9, 24] the amalgam is required to live
in the corresponding Kac-Moody group. This is rather inconvenient
since it gives no intrinsic description of the amalgam. Our result above
defines Kac-Moody groups as universal completions of certain abstract
amalgams hence giving concrete presentations for those groups. In
particular, we can refine Corollary 1 as follows. See Section 4.1 for the
exact definitions.
Corollary 2. Let Γ be a simply laced Dynkin diagram with no triangles
and k a field with at least 4 elements. Any locally split Kac-Moody
group over k with diagram Γ can be defined by a twist (
−→
Γ , δ) of the
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corresponding split Kac-Moody group. Moreover any two twists are
equivalent if they have the same fundamental group.
The corollaries above could be proved directly from the above men-
tioned results of Tits and Mu¨hlherr. To our knowledge however there is
no explicit correspondence in the literature to this effect. Moreover, in
the absence of Theorem 1, it is not immediately obvious that different
choices of an orientable CT amalgam would give different foundations.
See also Corollary 5.2 for a more precise construction of the amalgams
in the spirit of [9] (see the application to Theorem A in loc. cit.).
The paper is organized as follows. In Section 2 we define Curtis-
Tits structures, morphisms and prove some general technical lemmas.
In Section 3 we introduce our modification of Bass-Serre theory and
prove Theorem 1. In Section 4 we prove Corollary 1 and in Section 5
we prove Corollary 2.
Acknowledgement. The final version of the paper was written during
some wonderful, if very claustrophobic and accident prone three weeks
in Birmingham. We thank Irina and Karin for putting up with it all.
2. CT-structures
In this section we introduce the notion of a CT-structure over a
commutative field and define its category. Throughout the paper k
will be a commutative field.
Definition 2.1. Let V be a vector space of dimension 3 over k. We
call (S1, S2) a standard pair for S = SL(V ) if there are decompositions
V = Ui ⊕ Vi, i = 1, 2, with dim(Ui) = 1 and dim(Vi) = 2 such that
U1 ⊆ V2 and U2 ⊆ V1 and Si centralizes Ui and preserves Vi.
One also calls S1 a standard complement of S2 and vice-versa. We
set D1 = NS1(S2) and D2 = NS2(S1). A simple calculation shows that
Di is a maximal torus in Si, for i = 1, 2. In general if G ∼= SL3(k), then
(G1, G2) is a standard pair for G if there is an isomorphism ψ : G→ S
such that ψ(Gi) = Si for i = 1, 2.
Definition 2.2. Given a standard pair (S1, S2), a standard basis for
(S1, S2) is an ordered basis E0 = (e1, e2, e3) of V such that V1 = 〈e1, e2〉,
U1 = 〈e3〉, U2 = 〈e1〉, and V2 = 〈e2, e3〉.
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Identifying S with SL3(k) via its left action on V with respect to E0,
yields
S1 =
{(
A 0
0 1
)∣∣∣∣A ∈ SL2(k)
}
and S2 =
{(
1 0
0 A
)∣∣∣∣A ∈ SL2(k)
}
so that
D1 =



a 0 00 a−1 0
0 0 1


∣∣∣∣∣∣ a ∈ k∗

 and D2 =



1 0 00 a 0
0 0 a−1


∣∣∣∣∣∣ a ∈ k∗


Lemma 2.3. Let S1 and S2 be a standard pair for S = SL3(k), where
k has at least four elements. Then S1 has exactly one standard com-
plement S ′2 6= S2 normalized by D1.
Proof. Since k has at least four elements, D1 uniquely determines three
1-dimensional eigenspaces and S1 fixes all vectors in exactly one of these
eigenspaces, say E1. In the notation above, these are E1 = U1, U2 and
V1 ∩ V2. Thus any standard complement S2 to S1 that is normalized
by D1 is completely determined by the eigenspace E 6= E1 that it fixes
vector-wise. There are two choices.  
We will need the following lemma.
Lemma 2.4. With the notations above, D1 = CS1(D2) and D2 =
CS2(D1). Moreover, D2 is the only torus in S2 that is normalized by
D1.
Proof. Note that if T is a torus in S2 then NS(T ) is the set of mono-
mial matrices so NS1(T ) only contains one torus which is CS1(T ). The
conclusion follows.  
Definition 2.5. A simply laced Dynkin diagram over the set I is a
simple graph Γ = (I, E). That is, Γ has vertex set I, and an edge set
E that contains no loops or double edges.
Definition 2.6. An amalgam over a set I is a collection A = {Gi, Gi,j |
i, j ∈ I} of groups, together with a collection ϕ = {ϕi,j | i, j ∈ I} of
monomorphisms ϕi,j : Gi →֒ Gi,j, called inclusion maps. A completion
of A is a group G together with a collection φ = {φi, φi,j | i, j ∈ I}
of homomorphisms φi : Gi → G and φi,j : Gi,j → G, such that for
any i, j we have φi,j ◦ ϕi,j = φi. For simplicity we denote by G¯i =
ϕi,j(Gi) ≤ Gi,j. The amalgam A is non-collapsing if it has a non-
trivial completion. A completion (Gˆ, φˆ) is called universal if for any
completion (G, φ) there is a unique surjective group homomorphism
π : Gˆ→ G such that φ = π ◦ φˆ.
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Definition 2.7. Let Γ = (I, E) be a simply laced Dynkin diagram.
A Curtis-Tits structure over Γ is a non-collapsing amalgam A(Γ) =
(Gi, Gi j |i, j ∈ I) such that
(CT1) for any vertex i, the group Gi = SL2(k) and for each pair i, j ∈
I,
Gi,j ∼=
{
SL(Vi,j) if {i, j} ∈ E
Gi ∗Gj if {i, j} 6∈ E
,
where Vi,j is a 3-dimensional vector space over k and ∗ denotes
central product;
(CT2) if {i, j} ∈ E then (G¯i, G¯j) is a standard pair in Gi,j.
Definition 2.8. A Dynkin diagram is admissible if it is connected and
has no circuits of length ≤ 3.
From now on Γ = (I, E) will be an admissible Dynkin diagram and
A = A(Γ) = {Gi, Gi,j | i, j ∈ I} will be a non-collapsing Curtis-Tits
structure over Γ.
Lemma 2.9. If the Dynkin Diagram is admissible and i, j, k are ver-
tices such that {i, j}and {j, k} are edges then NGi,j(G¯i)∩G¯j = NGjk(G¯k)∩
G¯j
Proof. (See also [11]) Let (G, φ) be a non-trivial completion of A and
identify A with its φ-image in G. Let D¯ij = NGi,j (G¯j) ∩ G¯i. It follows
from the fact that the nodes i and k are not connected in Γ that D¯ij
commutes with D¯kj . Note that if g ∈ D¯
i
j then (D¯
j
k)
g commutes with D¯kj
so D¯ij is a torus that normalizes the torus D¯
j
k of G¯j . By Lemma 2.4,
D¯ij only normalizes D¯
j
i and so D¯
j
k = D¯
j
i .  
Lemma 2.9 motivates the following definition.
Definition 2.10. For i, j ∈ I, we let D¯i = NGi,j (G¯j) ∩ G¯i, where
{i, j} ∈ E. Note that this defines D¯i for all i since Γ is connected. We
also denote Di = ϕ
−1
i,j (D¯i).
As we saw after Definition 2.1, for each i ∈ I, the group D¯i is a torus
in G¯i. Lemma 2.9 allows us to glue tori together.
Lemma 2.11. If {i, j} ∈ E, then D¯i and D¯j are contained in a unique
common maximal torus Di,j of Gi,j.
Proof. Clearly in any completion of the amalgam, both D¯i and D¯j
normalize G¯i and G¯j so we have D¯i, D¯j ≤ NGi,j (G¯i)∩NGi,j (G¯j) = Di,j,
which is the required maximal torus.  
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Definition 2.12. Note that a torus in SL2(k) uniquely determines
a pair of opposite root groups X+. and X−. We now choose one
root group Xi normalized by the torus Di of Gi for each i. An ori-
entable Curtis-Tits (OCT) structure (respectively orientable Curtis-
Tits (OCT) group) is a CT structure that admits a system {Xi | i ∈ I}
of root groups as above such that for any i, j ∈ I, the groups ϕi,j(Xi)
and ϕj,i(Xj) are contained in a common Borel subgroup Bi,j of Gi,j.
2.1. Morphisms. In this subsection, for k = 1, 2, let Γk = (Ik, Ek) be
a Dynkin diagram.
Definition 2.13. A homomorphism between the Dynkin diagrams Γ1
and Γ2 is a map γ : I1 → I2 such that for any i, j ∈ I with {i, j} ∈ E1
also {γ(i), γ(j)} ∈ E2. We call γ an isomorphism if γ is bijective
and γ−1 is also a homomorphism of Dynkin diagrams, that is {i, j} ∈
E1 if and only if {γ(i), γ(j)} ∈ E2 for all i, j ∈ I1. We call γ an
automorphism if γ is an isomorphism and Γ1 = Γ2.
Now, for k = 1, 2, let Ak = {Gki , G
k
i,j | i, j ∈ I
k} be a CT structure
with admissible Dynkin diagram Γk.
Definition 2.14. A homomorphism between the amalgams A(Γ1) and
A(Γ2) is a pair (γ, φ), where γ : Γ1 → Γ2 is a homomorphism and φ =
{φi, φi,j | i, j ∈ I
1} where φ : G1i → G
2
γ(i) and φi,j : G
1
i,j → G
2
γ(i),γ(j)are
group homomorphisms such that
φi,j ◦ ϕ
1
i,j = ϕ
2
γ(i),γ(j) ◦ φi.
We call (γ, φ) an isomorphism of amalgams if γ is an isomorphism, φi
and φi,j are bijective for all i, j ∈ I, and (γ
−1, φ−1) is a homomorphism
of amalgams. Note that, if (γ, φ) is an isomorphism, we can relabel the
elements of Γ2 and assume γ = id. For most of the following we will
do so and denote the isomorphism simply by φ.
Lemma 2.15. With the notation of Definition 2.14, suppose that φi : G
1
i →
G2γ(i) is surjective for all i ∈ I
1. Then, the homomorphism φi restricts
to a group homomorphism φi : D
1
i → D
2
γ(i) for all i ∈ I
1.
Proof. Consider any edge {i, j} ∈ E1 and write φ = φi,j for short.
Since φ is a homomorphism with φ(G¯i
1
) = G¯2γ(i) and φ(G¯j
1
) = G¯2γ(j),
we have
φ(D¯1i ) = φ(NG1i,j (G¯
1
j) ∩ G¯
1
i ) ≤ Nφ(G1i,j)(φ(G¯
1
j)) ∩ φ(G¯
1
i ) = Nφ(G1i,j)(G¯
2
γ(j)) ∩ G¯
2
γ(i)
≤ NG2
γ(i)γ(j)
(G¯2γ(j)) ∩ G¯
2
γ(i) = D¯
2
γ(i).
 
A CLASSIFICATION OF CURTIS-TITS AMALGAMS 9
2.2. Automorphisms of A(A2). Let W be a (left) vector space of
dimension n over k. Let G = SL(W ) act on W as the matrix group
SLn(k) with respect to some fixed basis E = {ei | i = 1, 2, . . . , n}. Let
ω ∈ Aut(SLn(k)) be the automorphism given by
A 7→ tA−1
where tA denotes the transpose of A.
Let Φ = {(i, j) | 1 ≤ i 6= j ≤ n}. For any (i, j) ∈ Φ and λ ∈ k, we
define the root group Xi,j = {Xi,j(λ) | λ ∈ k}, where Xi,j(λ) acts as
ej 7→ ej + λei and
ek 7→ ek for all k 6= j.
Let Φ+ = {(i, j) ∈ Φ | i < j} and Φ− = {(i, j) ∈ Φ | j < i}.
We call Xi,j positive if (i, j) ∈ Φ+ and negative otherwise. Let H
be the torus of diagonal matrices in SLn(k) and for ε ∈ {+,−}, let
Xε = 〈Xi,j | (i, j) ∈ Φε〉 and Bε = H ⋉Xε.
Lemma 2.16.
(a) If n = 2, then ω is given by conjugation with
E =
(
0 −1
1 0
)
∈ SL2(k).
(b) If n ≥ 3, then ω cannot be represented by an element of GLn(k).
(c) Xωi,j = Xj,i for all (i, j) ∈ Φ and B
ω
ε = B−ε, for ε ∈ {+,−}.
Proof. (a) and (c) Straightforward. (b) If n ≥ 3, then ω does not even
preserve eigenvalues, so it is certainly not linear.  
Let ΓLn(k) be the group of all semilinear automorphisms of the vec-
tor space W and let PΓLn(k) = ΓLn(k)/Z(ΓLn(k)). Then ΓLn(k) ∼=
GLn(k)⋊Aut(k), where we view t ∈ Aut(k) as an element of ΓLn(k) by
setting ((ai,j)
n
i,j=1)
t = (ati,j)
n
i,j=1. The automorphism group of SLn(k)
can be expressed using PΓLn(k) and ω as follows [16].
Lemma 2.17.
Aut(SLn(k)) =
{
PΓLn(k) if n = 2;
PΓLn(k)⋊ 〈ω〉 if n ≥ 3.
3. Bass-Serre theory on graphs of groups
From a CT-structure A we will construct a graph of groups in the
sense of Bass-Serre (see [2, 3, 17, 4]). We review the relevant definitions.
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Definition 3.1. Let Γ = (I, E) be an admissible Dynkin diagram.
Following [2] we define a directed graph
−→
Γ = (I,
−→
E ) where for each
edge {i, j} ∈ E we introduce directed edges (i, j) and (j, i) in
−→
E . For
every e ∈
−→
E we denote the reverse edge by e¯. Moreover we denote by
δ0(e) the starting node of the oriented edge e.
Definition 3.2. A graph of groups is a pair (C,
−→
Γ ) where
−→
Γ is a
graph as above and C associates to each i ∈ I a group Ai and to each
directed edge e ∈
−→
E a group Ae = Ae¯. Moreover, for each vertex i on
a (directed) edge (i, j) we have a monomorphism αi,j : Ai,j → Ai.
Definition 3.3. Given graphs of groups (C(k),
−→
Γ (k)) for k = 1, 2, an
inner morphism is a pair (φ, γ), where γ is a morphism of Dynkin
diagrams and φ = {φi, φi,j | i, j ∈ I, (i, j) ∈
−→
E } is a collection of
group homomorphisms φi : A
(1)
i → A
(2)
γ(i) and φi,j : A
(1)
i,j → A
(2)
γ(i)γ(j) so
that for each (i, j) ∈
−→
E there exists an element δi,j ∈ Aγ(i) so that for
all s ∈ Ai,j,
φi(αi,j(s)) = δi,jαγ(i),γ(j)(φi,j(s))δ
−1
i,j .
We call an inner morphism central if δi,j = 1 for all (i, j) ∈
−→
E .
Given a groupG and a collection of subgroupsG1, . . . , Gk let AutG(G1, . . . , Gk)
be the subgroup of Aut(G) that stabilizes each Gi. Given a monomor-
phism of groups φ : G → H , there is a corresponding homomorphism
ad(φ) : AutH(φ(G)) → Aut(G) such that for any a ∈ AutH(φ(G)) we
have ad(φ)(a) = φ−1 ◦ a ◦ φ.
Assume that A = {Gi, Gi,j | i, j ∈ I} a CT structure with Dynkin
diagram Γ = (I, E) and
−→
Γ = (I,
−→
E ) is the directed graph associated
Γ as in Definition 3.1. As we know from Lemma 2.9, for each i ∈ I
the subgroups D¯i and Di are well defined, hence the normal subgroup
Ti of diagonal automorphisms in AutGi(Di) is uniquely determined by
A. Similarly, for each {i, j} ∈ E, the normal subgroup Ti,j of di-
agonal automorphisms in AutGi,j(Di,j) is uniquely determined by A.
Using Lemma 2.17 one finds that AutGi(Di)
∼= Ti⋊ (〈E〉×Aut(k)) and
AutGi,j (Di,j)
∼= Ti,j ⋊ (〈ω〉×Aut(k)). Note that the complements to Ti
and Ti,j are both isomorphic to Z2 × Aut(k).
Lemma 3.4. Given any collection {τi ∈ Ti | i ∈ I}, there exist unique
automorphisms τi,j ∈ Ti,j such that τ = {τi, τi,j | i, j ∈ I} is an auto-
morphism of A.
Proof. First we note that τ¯i = ad(ϕ
−1
i,j )(τi) is a diagonal (linear) auto-
morphism of G¯i ≤ G¯i,j .
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If {i, j} 6∈ E, then τi,j is simply the central product τ¯i∗τ¯j . Otherwise,
suppose that with respect to some basis {e1, e2, e3} of eigenvectors for
D¯i and D¯j we have τ¯i = diag{a, b, 1} and τ¯j = diag{1, c, d}, then let
τi,j = diag{ac, bc, bd}.  
Definition 3.5. Let A = {Gi, Gi,j | i, j ∈ I} be a CT structure with
admissible Dynkin diagram Γ = (I, E). A basis of A is a collection
{Ei,j,Ej,i | {i, j} ∈ E} so that Ei,j = {e
i,j
1 , e
i,j
2 , e
i,j
3 } is a standard basis
for (G¯i, G¯j) in Vi,j and Ej,i is the same basis but the ordering is re-
versed. Note that Ei,j is stabilized by D¯i and D¯j. The edge reversal
map is the element ρi,j of GL(Vi,j) that reverses the order of the basis
Ei,j.
Let E be a basis for A as in Definition 3.5. For each i ∈ I let Vi
be a vector space with basis {f i1, f
i
2} identifying Gi = SL2(k). Let
ψi,j : Gi → G¯i ≤ Gi,j be the isomorphism induced by the linear map
that takes the ordered basis (f i1, f
i
2) to (e
i,j
1 , e
i,j
2 ). This defines a graph
of groups (C0,
−→
Γ ) in the following way. We let C0 = {Ai,Ai,j | i, j ∈
I, (i, j) ∈
−→
E } where Ai is the complement in AutGi(Di) to Ti defined
with respect to {f i1, f
i
2} and Ai,j is the complement in AutGi,j (G¯i, G¯j)
to Ti,j , defined by Ei,j (See Lemmas 2.16 and 2.17). Finally, we may
define the map αi,j : Ai,j → Ai as given by the restriction of ad(ψi,j)
to Ai,j, as the following lemma shows.
Lemma 3.6. The graph of groups (C0,
−→
Γ ) constructed above is deter-
mined by k and the diagram
−→
Γ up to central isomorphism (but not by
the particular amalgam A).
Proof. First note that the construction of (C0,
−→
Γ ) only involves the
maps ψi,j , which in turn depend uniquely on the basis E for A and
the collection F = {Fi = (f
i
1, f
i
2) | i ∈ I} of bases chosen for the
Vi. We now show that any other choice of E and F merely induces a
central isomorphism between the resulting graphs of groups. Let E′
and F′ be another choice of a basis for A and the Vi’s and let (C
′,
−→
Γ )
be the resulting graph of groups. For each i ∈ I, let ti ∈ Aut(Gi)
be induced by the linear map sending the ordered basis Fi to F
′
i and
for each (i, j) ∈
−→
E , let ti,j ∈ Aut(Gi,j) be induced by the linear map
sending the ordered basis Ei,j to E
′
i,j . Then the following diagram is
commutative.
Gi,j
ti,j
−→ Gi,j
ψi,j ↑ ↑ ψ
′
i,j
Gi
ti−→ Gi
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Since the bases defining the complements Ai,j , A
′
i,j, Ai and A
′
i all cor-
respond via the maps in this diagram, also these complements them-
selves correspond to each other via the adjoint maps. This shows that
the map (φ, γ) : C′ → C0, where γ is the identity map on
−→
Γ and
φ = {φi,j = ad(ti,j), φi = ad(ti) | i, j ∈ I, (i, j) ∈
−→
E } is a central
isomorphism.  
For the remaining of the paper we will fix the groups Gi, and Gi,j
as well as the bases E and F, which in turn fix Ai,Ai,j, the maps ψi,j
and the graph of groups C0. We note that in order to specify the CT
structure A we have to make a choice for the maps ϕi,j .
Definition 3.7. A concrete CT structure is a CT structure A =
{Gi, Gi,j | i, j ∈ I, (i, j) ∈
−→
E }, where the groups Gi and Gi,j as well as
the maps ψi,j are fixed as above, and such that the inclusion maps ϕi,j
satisfy ad(ϕi,j)(Ai,j) = Ai. The graph of groups C0, which is naturally
associated with A, is called the concrete graph of groups.
Consider the concrete graph of groups C0 and for each l, m ∈ I consider
γ = i0, i1, . . . , in, a path from l = i0 to m = in in
−→
Γ . Define βl,m : Al →
Am by setting βl,m(a) = αin,in−1 ◦α
−1
in−1,in
◦ · · · ◦αi1,i0 ◦α
−1
i0,i1
(a), for each
a ∈ Al.
Lemma 3.8. The map βl,m is independent of γ.
Proof. Quite immediate since, for each (i, j) ∈
−→
E the map αj,i◦α
−1
i,j : Ai →
Aj is the adjoint of the isomorphism given by the linear map Vj → Vi
sending the ordered basis Fj = (f
j
1 , f
j
2) to Fi = (f
i
1, f
i
2).  
Lemma 3.9. Let A′ = {Gi, Gi,j, ϕ
′
i,j | i, j ∈ I} be a CT structure.
Then, given a collection {Ai ≤ AutGi(Di) | i ∈ I} of complements to
the groups of diagonal automorphisms Ti, there exists a basis E
′ = {E′i,j |
{i, j} ∈ E} and a collection {Ai,j | i, j ∈ I} of complements to Ti,j such
that, for each {i, j} ∈ E, Ai,j corresponds to E
′
i,j and ad(ϕ
′
i,j)(Ai,j) =
Ai. The collection C = {Ai, Ai,j | i, j ∈ I} is unique and the bases E
′
i,j
are unique up to multiplication by a scalar in Fix(Aut(k))
Proof. The group Ti,j acts regularly on the set of its complements, while
acting on the corresponding bases. Two bases correspond to the same
complement if and only if one is a scalar multiple of the other and
that scalar is fixed by Aut(k). This proves the uniqueness part of the
theorem.
For the existence we first pick a random base E′′ and modify it as
follows. If {i, j} ∈ E then E′′ determines A′i,j, a complement to Ti,j.
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Restriction to Gi and Gj determines complements A
′
i and A
′
j to Ti and
Tj. These are conjugates of Ai and Aj under diagonal automorphisms
τi ∈ Ti and τj ∈ Tj . As in the proof of Lemma 3.4 there exists a diagonal
automorphism τi,j ∈ Ti,j that restricts to τi and τj. Conjugating by τi,j
sends A′i,j to a complement Ai,j satisfying the statement of the lemma
for the edge {i, j}, while the underlying linear map transforms the basis
E
′′
i,j to the desired basis E
′
i,j .  
Corollary 3.10. Any CT-structure A′ = {Gi, Gi,j, ϕ
′
i,j | i, j ∈ I} is
isomorphic to a concrete one. Moreover, the isomorphism can be taken
to be diagonal.
Proof. By Lemma 3.9 there exists a basis E′ so that the corresponding
collection C = {Ai, Ai,j | i, j ∈ I} satisfies Ai = Ai for all i ∈ I, and
ad(ϕ′i,j)(Ai,j) = Ai for all (i, j) ∈
−→
E .
We now define an isomorphism φ = {φi, φi,j | i, j ∈ I} from a con-
crete amalgam A to A′. Recall that E is the basis corresponding
to the complements Ai,j. Now let φi,j : Gi,j → Gi,j be the isomor-
phism induced by the (diagonal) linear map sending Ei,j to E
′
i,j and let
φi = idGi for all i ∈ I. Now define A by setting ϕi,j = φ
−1
i,j ◦ ϕ
′
i,j ◦ φi.
Note that A = {Gi, Gi,j, ϕi,j | i, j ∈ I, (i, j) ∈
−→
E } is concrete since
ad(ϕi,j)(Ai,j) = ad(ϕ
′
i,j) ◦ ad(φi,j
−1)(Ai,j) = Ai. Clearly φ defines an
isomorphism between A and A′.  
Definition 3.11. Let (C,
−→
Γ ) be a graph of groups, a pointing is a pair
((C′,
−→
Γ ), δ), where δ = {δi,j | (i, j) ∈
−→
E } is a collection of elements
δi,j ∈ Ai and (C
′,
−→
Γ ) is a graph of groups obtained from (C,
−→
Γ ) by
setting α′i,j = ad(δ
−1
i,j ) ◦ αi,j, for each (i, j) ∈
−→
E .
Lemma 3.12. Let ((C′,
−→
Γ ), δ) be a pointing of (C,
−→
Γ ). Then (C′,
−→
Γ )
and (C,
−→
Γ ) are isomorphic as graphs of groups.
Proof. In Definition 3.3 let all φi and φi,j be identity maps and let δi,j
be as defined in Definition 3.11. This defines an isomorphism (C′,
−→
Γ )→
(C,
−→
Γ ) of graphs of groups.  
Definition 3.13. An isomorphism between pointings ((C,
−→
Γ ), δ(k)) of
the concrete graph of groups (C0,
−→
Γ ) is an inner isomorphism (φ, γ)
such that γ = id and there exist ai ∈ Ai and ai,j = aj,i ∈ Ai,j such
that φi = ad(ai) for each i ∈ I and φi,j = ad(ai,j) for each (i, j) ∈
−→
E .
We also require that for each (i, j) ∈
−→
E we have δ
(1)
i,j αi,j(ai,j) = aiδ
(2)
i,j .
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We then say that the collection {ai,j, ai | i ∈ I, (i, j) ∈
−→
E } induces the
isomorphism. For {i, j} 6∈ E we then set ai,j = ai ∗ aj.
Theorem 3.14. For any admissible Dynkin diagram
−→
Γ , there is a
natural bijection between the set of isomorphism classes of concrete
CT-structures over
−→
Γ and the set of isomorphism classes of pointings
of the concrete graph of groups (C0,
−→
Γ ).
Proof. Let A be a concrete CT structure over
−→
Γ . Then A defines a
pointing of C0 by setting δi,j = ϕ
−1
i,j ◦ ψi,j, for each (i, j) ∈
−→
E .
Conversely, given a pointing ((C0,
−→
Γ ), δ) we define a CT-structure
A over
−→
Γ setting ϕi,j = ψi,j ◦ δ
−1
i,j for each (i, j) ∈
−→
E . Of course
if (i, j) 6∈
−→
E then Gi,j = Gi ∗ Gj so the maps ϕi,j are the natural
ones. The fact that the collection {ϕi,j | i, j ∈ I} defines a concrete
CT-structure is immediate since ad(ϕi,j) = ad(δ
−1
i,j ) ◦ ad(ψi,j), where
ad(ψi,j) takes Ai,j to Ai and ad(δ
−1
i,j ) preserves Ai.
We now show that these maps preserve isomorphism classes. First
assume that A and A′ are concrete CT structures defined by the col-
lections {ϕi,j | i, j ∈ I} and {ϕ
′
i,j | i, j ∈ I} and φ : A → A
′ is an
isomorphism of concrete CT-structures. Fix some i, j ∈ I. Now we
have φi,j ◦ϕi,j = ϕ
′
i,j ◦φi. By Lemma 3.4 we can assume that, after pos-
sibly composing with a diagonal automorphism, ad(φi)(Ai) = Ai and
since A and A′ are concrete we then also have ad(φi,j)(Ai,j) = Ai,j.
However the elements of AutGi(Di) respectively AutGi,j (Gi, Gj) that
preserve these complements are exactly the elements of those com-
plements. This means that φi ∈ Ai and φi,j ∈ Ai,j. The collection
{φi,j, φi | i, j ∈ I, (i, j) ∈
−→
E } induces the desired isomorphism between
((C0,
−→
Γ ), δ′) and ((C0,
−→
Γ ), δ) in the sense of Definition 3.13. Indeed,
δ′i,jαi,j(φi,j) = ((ϕ
′
i,j)
−1ψi,j)(ψ
−1
i,j φi,jψi,j) = (ϕ
′
i,j)
−1φi,jψi,j = φiϕ
−1
i,j ψi,j = φiδi,j .
Conversely suppose {φi,j, φi | i, j ∈ I, (i, j) ∈
−→
E } induces an iso-
morphism of pointings ((C0,
−→
Γ ), δ′) and ((C0,
−→
Γ ), δ). We show that
φ uniquely defines an isomorphism of CT structures. Indeed, whenever
(i, j) ∈
−→
E we have
φi,jϕi,j = φi,jψi,jδ
−1
i,j = ψi,jαi,j(φi,j)δ
−1
i,j = ψi,j(δ
′
i,j)
−1φi = ϕ
′
ijφi.
In case (i, j) 6∈
−→
E we simply let φi,j = φi ∗ φj .  
Corollary 3.15. For any admissible Dynkin diagram
−→
Γ , there is a nat-
ural bijection between the set of isomorphism classes of CT-structures
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over
−→
Γ and the set of isomorphism classes of pointings of the concrete
graph of groups (C0,
−→
Γ ).
Proof. This follows from Corollary 3.10 and Theorem 3.14.  
3.1. The fundamental group.
Definition 3.16. For a given graph of groups (C,
−→
Γ ) we define its path
group as follows
π(C) = ((∗i∈IAi) ∗ F (
−→
E ))/R
where F (
−→
E ) is the free group on the set
−→
E , ∗ denotes free product and
R is the following set of relations: for any e = (i, j) ∈
−→
E , we have
(1)
ee¯ = id and
e · αe¯(a) · e¯ = αe(a) for any a ∈ Ae.
Definition 3.17. Given a graph of groups (C,
−→
Γ ), a path of length n
in C is a sequence γ = (a1, e1, a2, . . . , en−1, an), where e1, . . . , en−1 is an
edge path in
−→
Γ with vertex sequence i1, . . . , in and ak ∈ Aik for each
k = 1, . . . , n. We call γ reduced if it has no returns (i.e. ei+1 6= e¯i for
any i = 1, . . . , n − 2). The path γ defines an element |γ| = a1 · e1 ·
a2 · · · en−1 · an ∈ π(C). We denote by π[i, j] the collection of elements
|γ|, where γ runs through all paths from i to j in C. Concatenation
induces a group operation on π(C, i) = π[i, i] and we call this group the
fundamental group of C based at i.
From now on the only graph of groups we will consider is the concrete
graph (C0,
−→
Γ ).
Lemma 3.18. Any element |γ| ∈ π(C0, i0) can be uniquely realized as
e1e2 · · · eng where e1 = (i0, i1), . . . , en−1 = (in−2, in−1), en = (in−1, i0)
and g ∈ Ai0. More precisely, if γ = (e1, δi1 , . . . , δin−1 , en, δi0) with δk ∈
Ak for k = i0, . . . , in−1, then we have g = βi1,i0(δi1)βi2,i0(δi2) · · ·βin,i0(δin)δi0.
Proof. The first part is a special case of Corollary 1.13 in [2] since all
maps αi,j are surjective. The second part follows from the relations in
Definition 3.16 and the definition of βl,m preceding Lemma 3.8.  
Corollary 3.19. π(C0, i0) ∼= Ai0 × π(
−→
Γ , i0).
Proof. By Lemma 3.18 π(C0, i0) ∼= Ai0π(
−→
Γ , i0). Also, if a ∈ Ai0 and
γ ∈ π(
−→
Γ , i0) then a · γ = γ · βi0,i0(a) = γ · a so [Ai0 , π(
−→
Γ , i0)] = 1.
Clearly Ai0 ∩ π(
−→
Γ , i0) = 1.  
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We also need a slight modification of (Corollary 1.10 of [2]). We first
prove the following special case, which uses the relation (1).
Lemma 3.20. If e ∈
−→
E and η = (g1, e, g2, e¯, g3) and η
′ = (g′1, e, g
′
2, e¯, g
′
3)
are two paths satisfying g1αe(α
−1
e¯ (g2))g3 = g
′
1αe(α
−1
e¯ (g
′
2))g
′
3 (so in par-
ticular, |η| = |η′|) then there exist h1, h2 ∈ Ae so that g
′
1 = g1αe(h
−1
1 ), g
′
2 =
αe¯(h1)g2αe¯(h
−1
2 ), g
′
3 = αe(h2)g3.
Proof. We define h1 = α
−1
e ((g
′
1)
−1g1) and h2 = α
−1
e (g
′
3g
−1
3 ). The condi-
tion on the gi’s can be rewritten as αe(α
−1
e¯ (g
′
2)) = (g
′
1)
−1g1αe(α
−1
e¯ (g2))g3(g
′
3)
−1.
If we apply α−1e to this relation we get α
−1
e¯ (g
′
2) = h1α
−1
e¯ (g2)h
−1
2 . An-
other application of αe¯ finishes the proof.  
We are now ready to prove the following generalization of Corollary
1.10 of [2].
Proposition 3.21. Let γ = (g0, e1, g1, . . . , en, gn) and γ = (g
′
0, e1, g
′
1, . . . , en, g
′
n)
be two paths with |γ| = |γ′| in π(C0). Then there exist elements hi ∈ Aei
(i = 1, 2, . . . , n) such that
(2)
g′0 = g0αe1(h
−1
1 ),
g′i = αe¯i(hi)giαei+1(h
−1
i+1), for all i = 1, 2, . . . , n− 1, and
g′n = αe¯n(hn)gn.
Proof. If γ and γ′ are reduced then this is just Corollary 1.10 of [2]. We
prove the general case by induction on the number of returns. Suppose
we have a return ej = e¯j+1 for some j = 1, . . . , n. By ”omitting” the
return, we get paths γ˙ = (g0, e1, . . . , ej−1, g˙, ej+2, . . . , en, gn) and γ˙
′ =
(g′0, e1, . . . , ej−1, g˙
′, ej+2, . . . , en, g
′
n), where g˙ = gjαej(α
−1
ej+1
(gj+1))gj+2
and g˙′ = g′jαej (α
−1
ej+1
(g′j+1))g
′
j+2. Using the relations (1) we can im-
mediately see that |γ˙| = |γ| = |γ′| = |γ˙′|. By induction there exist
h1, . . . , hj−1, hj+2, . . . hn that satisfy the relations (2) for i 6= j, j+1, j+2
as well as the relation g′ = αe¯j−1(hj−1)gαej+2(h
−1
j+2). We now take
g˙1 = αe¯j−1(hj−1)gj, g˙
′
1 = g
′
j, g˙2 = gj+1, g˙
′
2 = g
′
j+1, g˙
′
3 = g
′
j+2 g˙3 =
gj+2αej+2(h
−1
j+2). The paths (g˙1, ej, g˙2, ej+1, g˙3) and (g˙
′
1, ej, g˙
′
2, ej+1, g˙
′
3)
satisfy the conditions of Lemma 3.20 so there exist h˙1 and h˙2 as in the
conclusion of that lemma. Picking hj = h˙1 and hj+1 = h˙2 finishes the
proof.  
Definition 3.22. If ((C0,
−→
Γ ), δ) is a pointing of the graph of groups
(C0,
−→
Γ ) then any path γ = e1 · · · en in
−→
Γ gives rise to a path in C0 via
γ 7→ γδ = δe1e1δ
−1
e¯1 δe2 · · · en−1δ
−1
e¯n−1δenenδ
−1
e¯n . The map γ 7→ |γδ| restricts
to a monomorphism iδ : π(
−→
Γ , i0)→ π(C0, i0). The image of this map is
called the fundamental group of the pointing and denoted by π(C0, i0, δ).
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Lemma 3.23. If ((C0,
−→
Γ ), δ) is a pointing of C0 then there exists a
homomorphism Φ: π(
−→
Γ , i0)→ Ai0 so that π(C0, i0, δ) = {γ ·Φ(γ) | γ ∈
π(
−→
Γ , i0)}.
Proof. In view of Corollary 3.19, there is a projection homomorphism
pi0 : π(C0, i0)→ Ai0. Now Φ = pi0 ◦ iδ. The description of the elements
in π(C0, i0, δ) follows from Lemma 3.18.  
Note that any two pointings have isomorphic fundamental groups.
Therefore the real invariant of the pointing is the actual image of
π(
−→
Γ , a) → π(C0, a) and not its isomorphism class. We in fact have
the following.
Theorem 3.24. Two pointings of C0 are isomorphic if and only if they
have the same fundamental group.
Proof. Suppose that the collection {ai,j, ai | i ∈ I, (i, j) ∈
−→
E } in-
duces an isomorphism of ((C0,
−→
Γ ), δ) to ((C0,
−→
Γ ), δ′). This means that
a−1i δi,jαi,j(ai,j) = δ
′
i,j, for any (i, j) ∈
−→
E . Suppose that γ = e1, e2, . . . , en
is a path in
−→
Γ where without loss of generality we can assume that
ei = (i− 1, i), for each i = 1, . . . , n. Then
|γδ′ | = δ
′
0,1e1(δ
′
1,0)
−1δ′1,2, e2, . . . , en−1(δ
′
n−1,n−2)
−1δ′n−1,nen(δ
′
n,n−1)
−1
Recall the following conditions, for each (i, j) ∈
−→
E :
(3) a−1i δi,jαi,j(ai,j) = δ
′
i,j and ai,j = aj,i.
Since these conditions are met by the collection {ai, ai,j | i, j ∈ I, (i, j) ∈
−→
E } we have
δ′i−1,iei(δ
′
i,i−1)
−1 = a−1i−1δi−1,iαi−1,i(ai−1,i)eiαi,i−1(a
−1
i−1,i)δ
−1
i,i−1ai = a
−1
i−1δi−1,ieiδ
−1
i,i−1ai.
Hence if γ is a cycle based at i0, then all ai’s cancel and |γδ| = |γδ′ | in
π(C0, i0). It follows that π(C0, i0, δ) = π(C0, i0, δ
′).
Conversely suppose that ((C0,
−→
Γ ), δ) and ((C0,
−→
Γ ), δ′) have the same
fundamental group. Recall that we must find a collection {ai, ai,j |
i, j ∈ I, (i, j) ∈
−→
E } satisfying the conditions (3), for each (i, j) ∈
−→
E .
Now to compute aj for some j ∈ I we consider a path γ = e1, e2, . . . , en
where ek = (ik−1, ik) for k = 1, . . . , n and in = j. Now a choice of ai0
uniquely determines the values of aik and aik−1,ik , for all k = 1, . . . , n,
via the conditions (3). Without loss of generality we fix ai0 = 1. We
claim that the value of aj computed in this way does not depend on
the choice of γ.
18 RIEUWERT J. BLOK AND CORNELIU G. HOFFMAN
To prove the claim we need to show that if γ is a closed path and we
set j = i0, then we’ll find aj = 1 as well. Note that γ is not necessarily
simple so that some vertices and edges might be repeated. We ignore
this and compute the aik and aik−1,ik as if they are all distinct. Since
π(C0, i0, δ) = π(C0, i0, δ
′) it follows from Lemma 3.18 that |γδ| = |γδ′ |.
Therefore, the paths γδ and γδ′ satisfy the conditions of Proposition 3.21
with the elements g0 = δe1 , gk = δ
−1
e¯k
δek+1, gn = δ
−1
e¯n respectively g
′
0 =
δ′e1, g
′
k = (δ
′
e¯k
)−1δ′ek+1, g
′
n = (δ
′
e¯n
)−1. On the other hand, by choice of the
aek = aik−1,ik and aik we have
g′0 = g0αe1(ae1);
g′k = αe¯k(a
−1
e¯k
)δ−1e¯k aika
−1
ik
δek+1αek+1(aek+1)
= αe¯k(a
−1
e¯k
)δ−1e¯k δek+1αek+1(aek+1)
= αe¯k(a
−1
e¯k
)gkαek+1(aek+1);
g′n = αe¯n(a
−1
e¯n )gn.
In other words, if they exist, the elements hk = a
−1
ek
satisfy the conclu-
sion of Proposition 3.21. In view of the uniqueness of the elements aek ,
their existence thus follows from that proposition.  
Theorem 1 is now a consequence of Theorem 3.14, Theorem 3.24 and
Lemma 3.23.
4. The Curtis-Tits theorem
Let G be a simply connected Kac-Moody group that is locally split
over a field k (in the sense of [13]) with an admissible simply laced
Dynkin diagram Γ over some finite index set I. We shall prove that
the Curtis-Tits amalgam for this group is in fact a Curtis-Tits structure
for G.
Let (W, {ri}i∈I) be the Coxeter system of type Γ. Then G has a
twin BN-pair (B+, N,B−) of type Γ, which gives rise to a Moufang
twin-building ∆ = (∆+,∆−, δ+, δ−, δ∗) of type Γ, where, for ε = ± we
have ∆ε = G/B
ε and
δε(gB
ε, hBε) = w ∈ W whenever Bεg−1hBε = BεwBε,
δ∗(gB
+, hB−) = w ∈ W whenever B+g−1hB+ = B+wB+.
Two chambers c and d are called opposite if δ∗(c, d) = 1. Fix two
opposite chambers c+ = B
+ and c− = B
−. The standard parabolic
subgroups of type (J, ε), where J ⊆ I and ε = +,−, are the groups
P εJ = B
εWJB
ε, where WJ = 〈rj | j ∈ J〉W . The Levi-decomposition of
PJ is PJ = UJ ⋊ LJ , where LJ is called the Levi-component and UJ is
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the unipotent radical of PJ . We shall write Li = L{i} and Li,j = L{i,j}
for i, j ∈ I.
Since Γ is simply laced, condition (co) is satisfied so by [14] the
local structure of ∆ determines the global structure. The Curtis-Tits
theorem [22, Ch. 13] and [1] yields G as the universal completion of
the following amalgam:
A = {Li, L{i,j} | i, j ∈ I}
The fact that G is locally split means that whenever i and j are ad-
jacent, then the {i, j}-residue on c+ is isomorphic to the building as-
sociated to the group SL3(k). This implies that Li,j is isomorphic to
a quotient of SL3(k) and has PSL3(k) as a quotient. We call G sim-
ply connected if in fact Li,j ∼= SL3(k). In particular, this means that
Li ∼= SL2(k) and that Li and Lj form a standard pair. Also, whenever
i and j are not adjacent in Γ, Li and Lj commute so that Li,j ∼= Li ∗Lj.
Thus, A is a Curtis-Tits structure over Γ. The fact that A is oriented
follows from the observation that for each i, the root group Xi of the
fundamental positive root αi belongs to Li and Xi ⊆ B
+. In particu-
lar, Xi and Xj belong to a common Borel group of Li,j . Thus A is an
oriented Curtis-Tits structure for G.
In the remainder of this section, we shall prove that every oriented
CT-structure with admissible Dynkin diagram can be obtained as the
Curtis-Tits amalgam of some simply connected Kac-Moody group that
is locally split over k.
Our strategy is as follows. Let Γ be an admissible Dynkin diagram
and A(Γ) an oriented CT-structure over some field k. The fact that
A(Γ) is oriented allows us to define a Moufang foundation, which by a
result of Mu¨hlherr is integrable to a twin-building ∆. We then show
that if G is the automorphism group of ∆, then the Curtis-Tits amal-
gam for G is isomorphic to A(Γ).
4.1. Sound Moufang foundations and orientable CT-amalgams.
We shall make use of the following definition of a foundation [13], which
is equivalent to the definition in [23]:
Definition 4.1. Let Γ be an admissible Dynkin diagram over I. A
foundation of type Γ is a triple
({∆i,j | {i, j} ∈ E}, {Ci,j | {i, j} ∈ E}, {θj,i,k | {i, j}, {i, k} ∈ E}),
satisfying the following conditions:
(Fo1) ∆i,j is a building of type A2 for each {i, j} ∈ E;
(Fo2) Ci,j is a chamber of ∆i,j for each {i, j} ∈ E;
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(Fo3) θj,i,k is a bijection between the i-panel on Ci,j in ∆i,j and the i-
panel on Ci,k in ∆i,k such that θj,i,k(Ci,j) = Ci,k and if i, j, k, l ∈
I are such that {i, j}, {i, k}, {i, l} ∈ E, then θk,i,l ◦ θj,i,k = θj,i,l.
This foundation is said to be of Moufang type if ∆i,j is a Moufang
building for each {i, j} ∈ E and if in [Fo3] the map θj,i,k induces an
isomorphism between the Moufang set induced by ∆i,j on the i-panel of
Ci,j and the Moufang set induced by ∆i,k on the i-panel of Ci,k.
We shall now describe how to obtain a Moufang foundation from a
given orientable CT-structure (A,
−→
Γ ). Let {Xi, | i ∈ I} be the collec-
tion of root groups as in Definition 2.12 and let {Bi,j | (i, j) ∈
−→
E } be
the collection of Borel groups in Gi,j such that ϕi,j(Xi) and ϕj,i(Xj) are
contained in Bi,j for any (i, j) ∈
−→
E (note that this in fact determines
Bi,j uniquely). For each (i, j) ∈
−→
E , let ∆i,j be the Moufang building
of type A2 obtained from Gi,j via the BN-pair (Bi,j, NGi,j (Di,j)) and
let Ci,j be the chamber given by Bi,j. Now let i, j, k ∈ I be such that
(i, j), (i, k) ∈
−→
E . Let Ei,j be the element of Gi,j given by
0 −1 01 0 0
0 0 1


with respect to the ordered basis Ei,j. Note that the i-panel of ∆i,j
containing Ci,j is represented by Ci,j itself together with the cosets
ϕi,j(λ)Ei,jBi,j, where λ ∈ Xi. We now define θj,i,k(ϕi,j(λ)Ei,jBi,j) =
ϕi,k(λ)Ei,kBi,k. Note that since the structure of the i-panel of ∆i,j on
Ci,j (resp. of ∆i,k on Ci,k) as a Moufang set is entirely determined by
Gi the group isomorphism θj,i,k preserves this structure. This proves
the following.
Lemma 4.2. The triple
F = ({∆i,j | {i, j} ∈ E}, {Ci,j | {i, j} ∈ E}, {θj,i,k | {i, j}, {i, k} ∈ E})
obtained from the CT-structure (A,
−→
Γ ) as above, is a Moufang foun-
dation.
Lemma 4.3. A CT-structure over an admissible Dynkin diagram Γ is
the amalgam coming from the Curtis-Tits theorem for a twin-building
∆ if and only if it is orientable.
Proof. As proved in the beginning of Section 4, the amalgam A(∆)
produced by applying the Curtis-Tits theorem to the universal Kac-
Moody group that is an automorphism group for ∆, is an orientable
CT-structure with diagram
−→
Γ .
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Conversely, let A be a concrete OCT structure with diagram
−→
Γ and
F be the Moufang foundation constructed from A as in Lemma 4.2.
Now F gives rise to a system K = {ki,j, φi,j | {i, j} ∈ E} as in [24,
§6.5] in the following way. Let (i, j) ∈
−→
E . By the discussion in loc.
cit. we may identify the additive group of ki,j with the root group
Xi, which in turn is canonically identified with k by viewing Xi as the
upper or lower triangular unipotent matrices in Gi = SL2(k). The map
ψi,j identifies the field k = ki,j with the field k defining ∆i,j and the
identification between ki,j and k
◦
j,i is induced by the base change from
Ei,j to Ej,i which induces the identity on k. The inclusion map of the
i-panel (resp. j-panel) on Ci,j in ∆i,j is given by the group isomor-
phism ϕij (resp. ϕj,i) and so the field isomorphism φj,i : kj,i → k
◦
i,j
equals δi,j ◦ δ
−1
j,i . This corresponds to the element (αj,i ◦ α
−1
i,j )(δi,j)δ
−1
j,i
in Aut(kj,i). Pick a base point i0, for each (i0, i) ∈
−→
E identify ki0.i = k
and identify Aut(k) = Ai0. Then φi,j corresponds to an element of
Aut(k) via βi0,i. This is how the homomorphism Φ: π(Γ)→ Aut(k) is
obtained in loc. cit.. From the definition 3.17 and Lemma 3.18 we see
that this homomorphism coincides with the Φ defined in Lemma 3.23.
By loc. cit. all sound Moufang foundations are determined by the
homomorphism Φ. This homomorphism is the same as the homomor-
phism Φ defined in Lemma 3.23. Therefore by Theorems 3.14 and 3.24
every foundation comes from an OCT structure that is unique up to
isomorphism.  
Remark 4.4. An alternate proof of Lemma 4.3 could be obtained by
using the notion of apartments in foundations as in [13].
5. Twists of split Kac-Moody groups
We first note that if the maps ψij are as in Definition 3.7, then the amal-
gam {Gi, Gi,j, ψi,j | i, j ∈ I, (i, j) ∈
−→
E } has as its universal completion
the simply connected split Kac-Moody group GΓ(k) with Dynkin dia-
gram Γ over k. This suggests the following definition.
Definition 5.1. For any pointing ((C0,
−→
E ), δ) of the graph of groups
(C0,
−→
Γ ), the δ-twist is the group GδΓ(k) given by the Curtis-Tits presen-
tation corresponding to δ. More precisely, for any (i, j) ∈
−→
E and i ∈ I
we get a copy Gi = SL2(k) and Gi,j = Gj,i = SL3(k) and the relations
given by those in Gi and Gi,j together with the following:
(i) if (i, j) ∈
−→
E then ϕi,j = ψi,j ◦ δ
−1
i,j : Gi →֒ Gi,j identifies Gi with
a subgroup of Gi,j;
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(ii) if (i, j), (j, i) 6∈
−→
E , then [Gi, Gj] = 1.
Corollary 2 follows immediately from Theorem 1.
We can now make the description of the δ twists more precise. To that
end, let us fix a spanning tree Λ of Γ, together with a set of directed
edges H that does not intersect H¯ = {e¯ | e ∈ H} and Γ = Λ ∪H ∪ H¯.
We will construct an amalgam as follows. For each e ∈ H we take
δe ∈ Aie , where ie is the starting point of e. Now let
ϕe =
{
ψe ◦ δ
−1
e if e ∈ H,
ψe else.
The resulting amalgam is denoted by Aδ.
Corollary 5.2. Let Γ be a simply laced Dynkin diagram with no trian-
gles and k a field with at least 4 elements. Any universal Kac-Moody
group with diagram Γ that is locally split over k is the universal com-
pletion of a unique Aδ.
Proof. Since the set H corresponds to a unique set of generators for
the fundamental group of Γ, there is a natural bijection between sets
{δe | e ∈ H} and homomorphisms Φ: π(
−→
Γ , i0) → Z2 × Aut(k). The
result now follows from Theorem 1.  
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